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Abstract

We show that all nontrivial members of the Kinoshita-Terasaka and Conway knot
families satisfy the purely cosmetic surgery conjecture.
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1. The purely cosmetic surgery conjecture

Let K C S% be a knot, and let S?(K) be the 3-manifold resulting from Dehn
surgery on K with surgery coefficient . We consider the following conjecture:

Conjecture 1 (Purely cosmetic surgery conjecture). If K is a nontrivial knot, then
S3(K) and S3(K) are orientation-preserving diffeomorphic if and only if r = s.

We will refer to this in the sequel as the PCSC. It has been verified for several
families of knots, recently including pretzel knots [7] and cable knots [§]. Our main
result is the verification of the PCSC for the families of Kinoshita-Terasaka knots
and their mutants, Conway knots:

Theorem 2. The purely cosmetic surgery conjecture holds for all nontrivial Kinoshita-
Terasaka and Conway knots.

2. Knot invariants and the PCSC

2.1. The Alexander polynomial

For a knot K C S3, its Alexander polynomial is an integral Laurent polynomial
Ak (t) € Z[t,t71], constructed using a diagram for K. To begin this construction, we
first define a marked knot diagram (D, p) to be an oriented knot diagram D with
a distinguished edge e marked by a point p on e (Figure 1 shows a marked knot
diagram for the left-handed trefoil).
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Figure 1: A marked knot diagram of the left-handed trefoil knot.

Figure 2: Local contributions to the Alexander and Maslov gradings at a crossing.

In such a marked diagram, let Cr(D,p) denote the set of crossings and let
Dom(D,p) denote the set of domains in the plane which do not have the mark-
ing p on their boundary. Note that for a diagram with n crossings, there are n + 2
domains with n in Dom(D, p) disjoint from the marking p.

Definition 3. A Kauffman state x is defined as a bijection x : Cr(D, p) — Dom(D, p)
in a marked knot diagram (D, p) such that k(c) is a quadrant around ¢ € Cr(D, p).
We denote K(D,p) as the set of all such Kauffman states for a marked diagram

(D, p).

To a Kauffman state k, we associate two integer quantities:

Al)= ) Alsle)) M) = Y M(x(e), (1)
)

¢ €Cr(D ¢ €Cr(D)

where the local contributions A(k(¢;)) € {0, £1} and M (x(c;)) € {0, £1} are defined
in Figure [2| for each crossing ¢; € Cr(D,p). A(k) and M (k) are called the Alexander
and Maslov gradings respectively.

Definition 4. The Alexander polynomial is defined as

Ag(t)= > (=)ME A0, (2)

k€K (D,p)
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Figure 3: A skein triple.

It can be shown that this construction yields the same polynomial for all marked
diagrams (D, p) of the same knot and all choices of marking p on such diagrams.
Hence, the Alexander polynomial is indeed a knot invariant.

Furthermore, for three oriented links E+, E_, and Eo which correspond to dia-
grams that differ only at a single crossing (see Figure , the Alexander polynomial
satisfies the following equation called the skein relation.

Ap = A ()= (72— t72) - Ap (). (3)

Together with the normalization A, = 1 for the unknot u, the skein relation can
be used to give an equivalent definition of the Alexander polynomial, which is often
easier to compute.

In [4], the Kinoshita-Terasaka knots were introduced as a family of nontrivial
knots that share Alexander polynomial with the unknot, that is, Ax(t) = 1. The
Conway knots, related to the Kinoshita-Terasaka knots by mutation, share this prop-
erty.

2.2. The Jones polynomial

Similar to the Alexander polynomial, the Jones polynomial is also a Laurent
polynomial knot invariant in Z[gq, ¢~']. Like the Alexander polynomial, the Jones
polynomial can be defined with the use of a skein relation, combined with a normal-
ization.

Definition 5. For a knot K, the Jones polynomial is the unique Laurent polynomial
Vi (q) € Zlq,q7] satisfying the skein relation

Vi (@) =aVi (@)= (" —a) Vi (9) (4)

for links EJF,[?,, EO defined above and the normalization V,, = 1, where u is the
unknot.

It can be shown that this polynomial is independent of the choice of the diagram
for K. Additionally, the Jones polynomial is more sensitive at detecting mirrors of
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knots, which the Alexander polynomial cannot. Specifically, if we denote the mirror
of a knot K as m(K), then the Jones polynomial satisfies Vi, (x)(q) = Vi (¢™"). This
relationship is used later in our paper.

Another useful relationship connects values of the Alexander and Jones polyno-
mials in the following way.

Lemma 6 (Ichihara and Wu, [3]). For all knots K C S3,
V(1) = =3A%(1). ()

As a final note, Ichihara and Wu developed the following sufficient condition on
the Jones polynomial for the PCSC to hold for K:

Theorem 7 (Ichihara and Wu, [3]). For a knot K, if either VJ/(1) # 0 or V//(1) # 0,
then the PCSC holds true.

2.3. Knot Floer homology and thickness

While the Alexander polynomial is a useful knot invariant, we are aided by a
more sensitive invariant when verifying the PCSC for the Kinoshita-Terasaka and
Conway knots. This invariant is knot Floer homology, first developed by Ozsvath
and Szab6 in [6].

In Definition [} we can note that information from the Maslov and Alexander
gradings are contained within the definition of the Alexander polynomial. Given a
marked diagram (D, p) for a knot K, we can similarly construct the two-variable

polynomial
G(s,t) = Y sM0 A0, (6)
k€K (D,p)

We note that this more sensitive polynomial contains all of the information of the
Alexander polynomial, since G(—1,t) = Ag(t). However, G(s,t) is not a knot
invariant. For instance, G(1,1) represents the number of Kauffman states, a quantity
which can vary based on the diagram of the knot.

To obtain a knot invariant from G(s,t), we consider the vector space Cp , gener-
ated over the field F of two elements by the Kauffman states of the diagram (D, p).
When the basis is equipped with the bigrading (M, A), it becomes a bigraded vec-
tor space with graded dimension G(s,t). In [6], Ozsvath and Szabé constructed a
boundary map to establish a chain complex (Cp ,, ) and define the homology group.

Theorem 8 (Ozsvéath and Szabd, [6]). There exists a linear map 0 : Cp, — Cp,
such that 8* = 0 and the bigraded homology group H(Cp ,,d) = Kerd/Imd is a knot
mvariant.



The homology group @(K ) = H(Cp,,0) is called the knot Floer homology
group of the knot K.

Definition 9. The J-grading of a homogeneous element x € @(K ) of bidegree
(M, A) is defined as the difference between the Maslov and Alexander gradings

d(z) = M(z) — A(x). (7)

We observe that §(z) is an integer, as it is defined as the difference of the integer-
valued Alexander and Maslov gradings. This d-grading allows us to consider the

5
graded vector space HFK (K), and from this d-graded knot Floer homology, we can
introduce another new knot invariant:

Definition 10. The thickness of a knot K is given by
6
th(K) = max{|d(z) — 6(2')| | x,2" € HFK (K) homogeneous}.

Since the knot Floer homology group is itself a knot invariant, we have that the
0-graded knot Floer homology group and the thickness of a knot are knot invariants
as well. Also, we can note that the thickness of the knot is an integer from its
definition as the difference of integer-valued d-gradings.

We can similarly associate a quantity of thickness to the chain complex (Cp,, 0),
defined as the maximal difference between J-gradings of elements of the chain com-
plex.

Definition 11. The thickness of a chain complez (Cp,,0) (generated by Kauffman
states of a marked diagram (D, p) for a knot K over the field F) is given by

th(Cpyp) = max{|é(x) — 6(a)| | z,2" € Cp, homogeneous}.

The thickness of the chain complex is not a knot invariant as it is dependent on
the diagram of the knot, although it can be used to bound the thickness of the knot
in the following way:

Lemma 12. Let th(Cp,) be the thickness of a chain complex (Cp,,0) (generated
by Kauffman states of a marked diagram (D,p) for a knot K over the field F) and
let th(K) be the thickness of the same knot K. Then th(Cp,) > th(K).

Proof. We note that the thickness of a knot is based on the d-graded knot Floer
homology which involves a subcomplex of the chain complex (Cp ,, 9) (of cycles). As
this subcomplex has potentially fewer elements x and z’ to consider in the definition
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Figure 4: A horizontal good edge in the top left and two horizontal bad edges.

of the thickness of a chain complex, this subcomplex can potentially have smaller
thickness. Furthermore, the d-graded knot Floer homology is the result of taking the
quotient of the subcomplex of cycles with the subcomplex of boundaries, which can
similarly decrease the thickness. Therefore, th(Cp,) > th(K). |

Let (D, p) be a marked knot diagram for a knot K. Notice that for a domain D
in the diagram, the boundary of D is comprised of a sequence of arcs in the knot,
called edges, with exactly two crossings at the two ends of each edge. We define an
edge to be good if the two crossings are different when traversed along the edge, that
is, the edge crosses over at one crossing and under at the other. An edge is defined
to be bad otherwise. Figure [4] gives examples of good and bad edges. A domain is
good if all of the edges on its boundary are good, and a domain is bad if there is a
bad edge on its boundary.

Using these bad domains, Stipsicz and Szabd were able to bound the thickness
of a chain complex above by half the number of bad domains. With Lemma [I2] we
have the following theorem.

Theorem 13 (Stipsicz and Szabd, in preparation). Suppose that B(D) denotes the
number of bad domains in a diagram D, representing the knot K. Then, th(K) <
1B(D).

2

Our final sufficient condition relies upon the notions of the thickness th(K) and
Seifert genus g(K) of a knot K, which are only lightly treated here. The reader is
referred to [2] for further details.

Theorem 14 (Hanselman, [2]). If a nontrivial knot K has th(K) <5 and g(K) # 2,
then the PCSC' holds for K.
3. Verification of the conjecture

Let us first introduce the Kinoshita-Terasaka knots, and record some basic facts
about them. These knots are parametrized by integers r,n, with KT, ,, denoting the
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Figure 5: The Kinoshita-Terasaka knot family.

knot of the form shown in Figure . It can be shown that K, is isotopic to the
unknot if and only if r € {0,1,—1,—2} or n = 0. Also, by turning the knot inside
out, one can observe a symmetry which identifies

KTy, = KT ,_1,. (8)

Finally, we note that the reflection of KT, , is the knot KT, _,. For brevity’s sake,
we will not say more about these knots; however no other facts than these are used
in our proof. The reader is referred to [1], [4], and [5] for further information.

Now, we turn to the Conway knots, which are also parametrized by integers r, n,
with C,,, denoting the knot of the form shown in Figure[6] Additionally, Kinoshita-
Terasaka and Conway knots satisfy the many of the same relations; in particular we
have that

Cr,n = C—r—l,n (9)

and that the reflection of C,,, is the knot C,. _,,. Also, for r € {0,1,—1, =2} or n =0,
C,, is isotopic to the unknot, and hence is excluded in our discussion of the PCSC.

With the Kinoshita-Terasaka and Conway knots described, we can begin the proof
of Theorem [2

3.1. Thickness of the Kinoshita-Terasaka and Conway knots

With a view towards applying the theorem of Hanselman (Theorem , we can
begin by bounding the thickness of the Kinoshita-Terasaka and Conway knot families
by above.
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Figure 6: The Conway knot family.

Proposition 15. The thickness of the Kinoshita-Terasaka and Conway knots is at
most 2.

Proof. Consider the marked diagrams for the Kinoshita-Terasaka and Conway knot
families as illustrated in Figure [l We can examine that for n # 0, r > 1 (and
hence r < —2 by symmetry, the values for which the knots are nontrivial), we have
five marked domains, as well as those domains enclosed by the adjacent half-twists.
Regardless of the orientation of the adjacent half-twists within the boxes, we have
that any domain with the half-twist as a boundary is a good domain. Therefore,
we have that B(D) < 5 from the five possible remaining domains. By Theorem
we have that th(K) < i .5. In particular, since the thickness of a knot must be
integer-valued, we have that th(K) < 2. [

3.2. Seifert genera of the Kinoshita-Terasaka and Conway knots

The final element needed to complete our proof of Theorem [2| is the notion of
Seifert genus, which we will use to apply Hanselman’s theorem to our knots. The
Seifert genus g(K) is defined as the minimal genus of a Seifert surface for the knot
K. Using this notation, we have the following theorem of Gabai:

Theorem 16 (Gabai, [1]). Forr > 0, the Kinoshita-Terasaka knot KT, ,, has Seifert
genus (KT, ,) =r.

In [5], Ozsvath and Szab6 used knot Floer homology to provide an alternate proof
of this result, as well as describe the Seifert genera of Conway knots in the following
way:
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Figure 7: Marked diagrams of the Kinoshita-Terasaka and Conway knot families with domains
marked in gray.

—r—1

Theorem 17 (Ozsvath and Szabd, [B]). For r > 0, the Conway knot KT,, has
Seifert genus g(C..,,) = 2r — 1.

Lemma 18. No non-trivial Conway knot admits a purely cosmetic surgery. Fur-
thermore, for r # 2, no nontrivial Kinoshita-Terasaka knot KT, , admits a purely
cosmetic surgery.

Proof. As a consequence of the theorems of Gabai and Ozsvath and Szabd, we note
by applying the symmetries from Equations [§] and [9] that all nontrivial Kinoshita-
Terasaka knots with r # 2 (and hence r # —3) and all nontrivial Conway knots have
g(K) > 2. Combining Theorem [14] and Proposition [L5] we thus have that no purely
cosmetic surgeries are admitted by C,,, for all r,n € Z, nor by KT, , for r # 2,
n e z. |

We handle the remaining case r = 2 in the following section.

3.5. Verification for KTy,

Notice that KT, is isotopic to the unknot u, so it remains to prove that the
PCSC holds for KI5, for any positive integer n. We will show this by checking the
sufficient condition given in Theorem

Lemma 19. Vi, (1) #0  for any positive integer n.

Proof. Let n be a non-negative integer, and orient K75, as shown in Figure
Consider the crossing on the top of KI5, and consider the skein triple with L, :=
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Figure 9: A skein triple for KT, ,,.

KTy, It follows that L_ = KTy,_; and Ly = P(3,—2,2, —3), where P(3, 2,2, —3)
is a pretzel link oriented as in Figure (10|
Denote V,, := Vgr,, and V' := Vpz _22_3). By the skein relation, we have
that
Vo=V = (¢ —q)V,

and equivalently that
Vi —q¢'Vioi= (g —¢°) V. (10)

Solving the linear difference equation [10| with boundary condition

Vo =Vkr, =Vu=1,
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Figure 10: P(3,—2,2,-3).

we obtain that

\% Vv 1 — g%
Vn = <1 — 1) q4n + 4 = q4n + qil‘/. (11)
q+q q+q q+q

Computing the Jones polynomial of the pretzel link using the skein relation, we
have that

Ve @4+ -+ +¢ +q 4¢3 =g 4q =g

Also notice that

2n
1-— q4" = (q + q—l) Z(_l)kq4n—2k+1
k=1
— (q + q—l) Z (q4n—4k+1 . q4n—4k+3)
k=1
=(g+a ") (@™ —¢™).
k=1

If we let P, := Y, (¢*"* — ¢"*7'), then Equation (11| can be written as
Differentiating Equation [12| using Leibniz’s rule, we have that

V" = (¢")" +V"P, +3V"P. +3V'P! + VP
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Also, direct calculation of the derivatives of V and P, at ¢ = 1 gives that
V(1)=2,V'(1)=0, V(1) = —94

and
n

P,(1)=0, Py(1)=> (4k—3— (4k—1)) = —2n,
k=1
P"(1) = Xn:((élk — 3)(4k — 4)(4k — 5) — (4k — 1)(4k — 2)(4k — 3))

k=1

=—6 zn:(zug —3)?

= —64n3 + 48n2 + 4n.

Therefore, we conclude that

V(1) = 4n(4n — 1)(4n — 2) + 3 - (—94) - (—2n) — 64n® + 48n> + 4n
= 64n> — 4812 + 8n + 564n — 64n> + 48n? + 4n
= 576n.

This implies that V,"'(1) # 0, that is, Vi, (1) # 0 for any positive integer n. W
Lemma 20. Vi, (1) = =V, (1) for any nonzero integer n.

Proof. Let n be a positive integer. Since KI5 _,, is the mirror image of KT ,, we
have that VKTQ’_n (q) = VKTgm (q_l).
Calculating Vi, (q) using the chain rule, we obtain that

Vicr, (@) = =64~ Vier,, (7)) = 647 Vieg,, (07') = Vier,,, (¢7) -
Therefore,
Vf@%g,,n(l) = _6VI/('T2’n<]') - 6Vf/(,T27n(1) - vfl({trz,n<]‘) (13)
Using the results from Lemma [19] we have that
V[}Tz}n(l) =V (1) =4n+V'(1)P,(1)+ V()P (1) =4n+0-0+2(—2n) = 0. (14)

Also, since Agr,, =1, we have that A%, (1) = 0. Notice that from Lemma@
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we have the relation Vi, (1) = —=3A%p, (1), we obtain that

K1y, (1) = 0. (15)
Together, Equations [I3] [[4] and [I5] imply that for any positive integer n,
Vir,_,(1) = =V, (1), (16)

Due to the symmetry of identity we conclude that VI’<"T27_n(1) = —VI’(”szn(l)
for any nonzero integer n.

Lemma 21. The PCSC holds for KT,,, for any nonzero integer n.

Proof. From Lemma (19 we have that Vi, (1) # 0 for any positive integer n. Take
any negative integer n, by Lemma 20| we have that Vir, (1) = —Vgg, (1) # 0.
This implies that Vg7, (1) # 0 for any nonzero integer n. Therefore, from Theorem
[ we conclude that the PCSC holds for KTy, for any nonzero integer n. |

This computation completes our proof of Theorem [2] i.e., the purely cosmetic
surgery conjecture holds for all nontrivial Kinoshita-Terasaka and Conway knots.
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